
Stat 513
Emerson, Win 16

Homework #2 Key
January 13, 2016

Written solutions to the homework problems are due on Wednesday, January
20, 2015 at the beginning of class.

The homework problems are divided into “regular” and “more involved” prob-
lems. In order to facilitate multiple graders, you should hand in these cate-
gories of problems separately. That is, hand in one paper that contains only the
“regular” problems, and another paper that contains only the “more involved”
problems.
As noted on the syllabus, copying of homework solutions is not allowed and,
when detected, will be investigated as an infraction of the academy integrity
policy of the University of Washington. While it is permissible to discuss prob-
lems with other students, TAs, or the instructor in order to learn how to solve
a problem, your written solutions must be prepared without directly referenc-
ing any notes or solutions derived from other students or sources found on the
internet.

REGULAR PROBLEMS

1. The χ2, t, and F distributions are important “sampling distributions” commonly used
in statistical inference. These distributions are derived as the exact distribution of
certain statistics computed on normally distributed data. We are often ultimately
interested the distribution-free interpretation of these statistics.

(a) Rigorously show that as n becomes large, a normal distribution provides a good
approximation to the χ2

n distribution. Make clear the parameters of the normal
distribution, as well as the sense in which the approximation is valid.

Ans: First note that by the definition of the chi squared distribution, if a random
variable Xn is distributed χ2

n, then it has the same distribution as
∑n

i=1 Yi, where
Yi are independent χ2

1 random variables, i = 1, . . . , n. Then we know that each Yi
has mean 1 and variance 2. Thus, by the central limit theorem, for a sequence of
chi squared random variables {Xn}∞n=1 where Xn has n degrees of freedom and a
sequence of independent chi squared random variables {Yi}∞1=1 with Yi ∼ χ2

1 we
have

√
n

(
1

n
Xn − 1

)
∼
√
n

(
1

n

n∑
i=1

Yi − 1

)
→d N (0, 2).

Thus for large n, the distribution of Xn is approximated by a normal distribution
with mean n and variance 2n in the sense that for any ε > 0 there exists an Nε
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such that for all n ≥ Nε ∣∣∣∣Pr(Xn ≤ x)− Φ

(
x− n√

2n

)∣∣∣∣ < ε

where Φ(·) is the cdf the standard normal distribution.

(b) Rigorously show that as n becomes large, a normal distribution provides a good
approximation to the tn distribution. Make clear the parameters of the normal
distribution, as well as the sense in which the approximation is valid.

Ans: The definition of the t distribution with n degrees of freedom is the dis-
tribution of a standard normal random variable divided by the square root of
an independent chi squared random variable with n degrees of freedom that has
itself been divided by its degrees of freedom. So letting {Tn}∞n=1 be a sequence
of t distributed random variables such that Tn has n degrees of freedom, Z be
a standard normal random variable, and {Xn}∞n=1 be a sequence of chi squared
random variables where Xn has n degrees of freedom and each Xn is independent
of Z. Now from part a we know

√
n

(
1

n
Xn − 1

)
→d N(0, 2),

hence we then know 1
n
Xn →p 1 and (via Mann-Wald) that (

√
1
n
Xn)−1 →p 1. And

since Z ∼ N (0, 1), we also know Z →d N (0, 1). Hence we can use Slutsky’s
theorem to show

Tn ∼
Z√
Xn/n

→d N (0, 1).

Thus for large n, the distribution of Tn is approximated by a standard normal
distribution in the sense that for any ε > 0 there exists an Nε such that for all
n ≥ Nε

|Pr(Tn ≤ t)− Φ (t)| < ε

where Φ(·) is the cdf the standard normal distribution.

(c) Rigorously show that as n becomes large, a χ2 distribution provides a good ap-
proximation to the Fm,n distribution. Make clear the parameters of the χ2 distri-
bution, as well as the sense in which the approximation is valid.
Ans: The definition of the F distribution with m and n degrees of freedom is
the distribution of the ratio of a chi squared random variable with m degrees of
freedom that has been divided by its degrees of freedom and another, independent
chi squared random variable with n degrees of freedom that has been divided by
its degrees of freedom. So letting {Fn}∞n=1 be a sequence of F distributed random
variables such that Fn has m and n degrees of freedom, Y be a chi squared random
variable with m degrees of freedom, and {Xn}∞n=1 be a sequence of chi squared
random variables where Xn has n degrees of freedom and each Xn is independent
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of Y . Now from part b we know that
(
1
n
Xn

)−1 →p 1. And since Y ∼ χ2
m, we

also know Y →d χ
2
m. Hence we can use Slutsky’s theorem to show

Fn ∼
Y

(Xn/n)
→d χ

2
m.

Thus for large n, the distribution of Fn is approximated by a chi squared distri-
bution with m degrees of freedom in the sense that for any ε > 0 there exists an
Nε such that for all n ≥ Nε∣∣Pr(Fn ≤ y)− Pr(χ2

m ≤ y)
∣∣ < ε.

2. Suppose n-vector ~ε has E[~ε] = ~0 and Cov[~ε] = V with rank(V) = n. Let ~̂β =

(XTX)−XT ~Y be the ordinary least squares estimator of ~β and ~̂βG = (XTV−1X)−XTV−1~Y

be the generalized least squares estimator of ~β in regression model ~Y = X~β + ~ε.

(a) Find the mean and variance of estimators ~aT ~̂β and ~aT ~̂βG of estimable function
~aTβ.

Ans: Using the laws of expectation we have

E[~aT ~̂β] = ~aT (XTX)−XTE[~Y ] = ~aT (XTX)−XTX~β

Now because ~aTβ is estimable, we know by Proposition II.B.10 that there exists
a vector ~b ∈ Rn such that ~aT = ~bTX. Furthermore, from the definition of a
generalized inverse we know XTX(XTX)−XTX = XTX, so X(XTX)−XTX = X.

Thus ~aT (XTX)−XTX~β = ~bTX(XTX)−XTX~β = ~bTX~β = ~aT ~β.
Using the results for the covariance of a vector product, we have

V ar(~aT ~̂β) = ~aT (XTX)−XTV ar(~Y )X(XTX)−~a = σ2~aT (XTX)−~a

when V ar(~Y ) = σ2In.

For the general case we have that ~̂βG is the OLSE for transformed model ~Z =
W~β + ~ε∗, where ~Z = V−1/2~Y , W = V−1/2X, and ~ε∗ ∼ (~0, In). And under the

results given above, thus in this transformed problem OLSE ~aT ~̂βG of estimable
function ~aT ~β has expectation ~aT ~β as given above. The variance is found to be

V ar(~aT ~̂βG) = ~aT (XTV−1X)−XTV−1V ar(~Y )V−1X(XTV−1X)−~a

= ~aT (XTV−1X)−XTV−1VV−1X(XTV−1X)−~a

= σ2~aT (XTV−1X)−~a
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(b) Show that a best linear unbiased estimator of estimable function ~aT ~β is ~aT ~̂βG.

Ans: We again consider the transformed problem in which ~ε∗ ∼ (~0, In). Then

by Proposition II.B.11 in the class notes, ~aT ~̂βG is unique for all ~a ∈ Rp. ~aT ~̂βG
is also unbiased as noted above. Let ~bT ~Z be any other unbiased estimator. So

E[~bT ~Z] = ~bTW~β = ~aT ~β and bTW = aT . V ar(~bT ~Z) = ~bT~b and V ar(~aT ~̂βG) =

~aT (WTW)−~a = ~bTW(WTW)−WT~b. So

V ar(~bT ~Z)− V ar(~aT ~̂βG) = ~bT (In −W(WTW)−WT )~b = ~bT (In −P)~b

And (In −P)(In −P) = (In −P) and symmetric, so

V ar(~bT ~Y )− V ar(~aT ~̂βG) = ~dT ~d ≥ 0

with equality only if ~d = ~0, which corresponds to ~bT ~Y = ~aT ~̂βG. (Note that this
proof proceeds exactly like the case for a design matrix of full rank, and that we
establish the BLUE optimality in the transformed setting.)

3. Consider a “two sample” setting in which Yi∼ (µ0, σ
2) for i = 1, . . . , n0 and Yi∼ (µ1, σ

2)
for i = n0 + 1, . . . , n = n0 + n1 = 2n0, except observations within each group are
correlated. That is, we have Cov(Yi, Yj) = ρσ2 for i, j = 1, . . . , n0; i 6= j, Cov(Yi, Yj) =
ρσ2 for i, j = n0+1, . . . , n; i 6= j, and Cov(Yi, Yj) = 0 for i = 1, . . . , n0; j = n0+1, . . . , n.
For notational convenience, let ~w be an n-vector such that wi = 1 for 1 ≤ i ≤ n0 and
wi = 0 otherwise, and let ~z = ~1n − ~w. Consider linear regression model ~Y = X~β + ~ε
with X = (~w ~z) and ~ε ∼ (~0,V). We are interested in estimating ~aT ~β = µ1 − µ0.

(a) Show that in this “balanced design” setting in which n0 = n1, the ordinary least

squares estimator ~̂β = (XTX)−1XT ~Y is equal to the generalized least squares es-

timator ~̂βG = (XTV−1X)−1XTV−1~Y . What are the mean and variance of these
estimators?

Ans: The OLSE ~̂β is found from

XTX =

(
~wT ~w ~wT~z
~zT ~w ~zT~z

)
=

(
n0 0
0 n1

)
(XTX)−1 =

( 1
n0

0

0 1
n1

)

XT ~Y =

(
n0Y 0

n1Y 1

)
~̂β = (XTX)−1XT ~Y =

(
Y 0

Y 1

)

Taking the expectation of ~̂β we find

E[~̂β] =

(
µ0

µ1

)
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The variance of ~̂β is found by

V ar(~̂β) = (XTX)−1XTV ar(~Y )X(XTX)−1

=

( 1
n0

0

0 1
n1

)
σ2

(
n0(1 + (n0 − 1)ρ) 0

0 n1(1 + (n1 − 1)ρ)

)( 1
n0

0

0 1
n1

)

= σ2

(
1+(n0−1)ρ

n0
0

0 1+(n1−1)ρ
n1

)

To find the GLSE ~̂βG, we first consider the form of V−1. Let Rm be a m × m
matrix with 1’s on the diagonal ane ρ elsewhere, and 0 be a conformable matrix
full of 0’s. Then

V = σ2

(
Rn0 0
0 Rn1

)
and V−1 =

1

σ2

(
R−1n0

0
0 R−1n1

)
where R−1m has the same symmetrical structure as Rm. Let the diagonal elements
of R−1m be equal to r and the off diagonal elements be equal to s. Then because
RmR

−1
m = Im we have the simultaneous equations

1 = r + (m− 1)sρ

0 = rρ+ s+ (m− 2)sρ

which can be solved to yield

r =
1 + (m− 2)ρ

1 + (m− 2)ρ− (m− 1)ρ2

s = − ρ

1 + (m− 2)ρ− (m− 1)ρ2

Let r0 and s0 be the values of r and s when m = n0, and r1 and s1 be the values
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of r and s when m = n1. From this we can then find

XTV−1X =
1

σ2

(
n0(r0 + (n0 − 1)s0) 0

0 n1(r1 + (n1 − 1)s1)

)

(XTV−1X)−1 = σ2

(
1

n0(r0+(n0−1)s0) 0

0 1
n1(r1+(n1−1)s1)

)

XTV−1~Y =

(
n0(r0 + (n0 − 1)s0)Y 0

n1(r1 + (n1 − 1)s1)Y 1

)

~̂βG = (XTV−1X)−1XTV−1~Y =

(
Y 0

Y 1

)

which is the same as the OLSE, and thus has the same expectation and variance
(you can check that σ2(XTV−1X)−1 gives the same answer as found above– it
does).

Note that this agreement between the OLSE and GLSE in this case is specific to
the particular design matrix. In general the OLSE and GLSE will not be equal.
However, when they are equal, it only stands to reason that their standard errors
must also be equal. This does not mean, however, that standard statistical soft-
ware for OLSE and standard statistical software for GLSE will provide the same
inference. That will have to do with the estimates of σ2 as noted in the part b.

(b) Provide an estimate of the variance of ~̂βG and ~aT ~̂βG assuming that ρ is known.

Ans: The variance of ~̂βG is given above. In order to estimate µ1 − µ0, we are
interested in estimating ~aT ~β, where ~a = (−1 1)T . The variance of the GLSE for
that estimable function is thus

V ar(~aT ~̂βG) = ~aTV ar(~̂βG)~a = σ2

(
1 + (n0 − 1)ρ

n0

+
1 + (n1 − 1)ρ

n1

)
Now we know n0, n1, and (by assumption) ρ. Hence to estimate the variance, we

only need estimate σ2. It would seem logical to consider the residuals ~e = ~Y−X~̂βG,
which owing to the unbiasedness of the GLSE would have distribution

~e ∼
(
~0,V = σ2

(
Rn0 0
0 Rn1

))
.

Owing to the correlation among the residuals, the sample variance of the residuals
will not estimate σ2 directly. But we can transform the residuals to independence,
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and then take the sample variance of those transformed residuals. To do this we
find a transformation matrix A such that AVAT = σ2In. We can find such a
matrix by considering the linear algebra result that says that every symmetric
positive definite matrix V can be expressed as a product involving an invertible
symmetric matrix V = V1/2V1/2 (where the notation is obviously mnemonic).
For our purposes, then, we would want to find matrices R1/2

n0
and R1/2

n1
, and then

define our “whitening” transformation (terminology out of signal process, where
independent errors simulate white noise) as

A =

(
R−1/2n0

0

0 R−1/2n1

)
,

where, again, we use the obvious notation that R−1/2n0
is the inverse of R1/2

n0
.

One approach to finding R1/2
n0

is to guess that it will have a structure similar to R
with some constant a on the diagonal and another constant b on the off-diagonals.
Then we would have that

1 = a2 + (n0 − 1)b2

ρ = 2ab+ (n0 − 1)b2

which can be solved to find

a =
(n0 − 1)

√
1− ρ±

√
1 + (n0 − 1)ρ

n

b =
−
√

1− ρ±
√

1 + (n0 − 1)ρ

n
.

(Note that either the plus or the minus will work.) We would then have

A~e ∼
(
~0, σ2In

)
,

and could use

σ̂2 =
1

n
~eTATA~e

as a consistent estimate (where consistency comes from WLLN). (Note that our
true usual practice would be to divide by n − 2 in this problem, due to the 2

dimensional ~̂βG. This would give an unbiased estimate of σ2.)

(c) Provide an estimate of the variance of ~̂β and ~aT ~̂β under the assumption that the
observations are independent. How do they compare to the answers in b?
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Ans: When we assume ρ = 0, we obtain

V ar(~̂β) = σ2

( 1
n0

0

0 1
n1

)

V ar(~aT ~̂β) = σ2

(
1

n0

+
1

n1

)

Note that for positive ρ, the true variance is greater than that which would be
estimated when we assume ρ = 0. Thus in this case where the data within
groups defined by predictors are positively correlated, inference based on the
assumption of independence with the true value of σ2 would be anti-conservative.
Of course, if we presume independence of the observations, we would not transform
the residuals to estimate σ2. For the same vector of residuals, we can show
that for ρ > 0 (and this is a limit to which the correlation can be negative
within the “exchangeable” structure for the correlation within a group that we
are considering here)

~eT~e− ~eTATA~e < 0,

thus by incorrectly assuming independence, when having to estimate our nuisance
parameter σ2, we will also underestimate σ2, thereby making our inference even
more anti-conservative.

Note that the degree of error we make depends both on ρ and the sample size
n0 and n1 within “clusters”: The increase in variability over what might be ob-
tained with independent observations depends on the product of sample size and
correlation. Hence, even very small correlation in large clusters (e.g., hospitals,
schools, cities) causes a problem and must be accounted for.

4. Now consider the setting in which Yi∼ (µ0, σ
2) for i = 1, . . . , n0 and Yi∼ (µ1, σ

2) for
i = n0 + 1, . . . , n = n0 + n1 = 2n0, except observations are paired across groups. That
is, we have Cov(Yi, Yi) = σ2 for i = 1, . . . , n, Cov(Yi, Yn0+i) = ρσ2 for i = 1, . . . , n0,
and Cov(Yi, Yj) = 0 otherwise. For notational convenience, let ~w be an n-vector such
that wi = 1 for 1 ≤ i ≤ n0 and wi = 0 otherwise, and let ~z = ~1n − ~w. Consider linear
regression model ~Y = X~β + ~ε with X = (~w ~z) and ~ε ∼ (~0,V). We are interested in

estimating ~aT ~β = µ1 − µ0.

(a) Show that in this “balanced design” setting in which n0 = n1, the ordinary least

squares estimator ~̂β = (XTX)−1XT ~Y is equal to the generalized least squares es-

timator ~̂βG = (XTV−1X)−1XTV−1~Y . What are the mean and variance of these
estimators?

Ans: The OLSE ~̂β is the same as given in problem 1a, and the expectation is the

same as was given in that answer. The variance of ~̂β is found from the results for
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(XTX)−1 with n0 = n1

V = V ar(~Y ) = σ2

(
In0 ρIn0

ρIn0 In0

)

V ar(~̂β) = (XTX)−1XTV ar(~Y )X(XTX)−1

=

( 1
n0

0

0 1
n0

)
σ2

(
n0 n0ρ
n0ρ n0

)( 1
n0

0

0 1
n0

)

= σ2

( 1
n0

ρ
n0

ρ
n0

1
n0

)

To find the GLSE ~̂βG, we use the result for inverse of a symmetric partitioned
matrix to find

V−1 =
1

σ2

( 1
1−ρ2 In0

−ρ
1−ρ2 In0

−ρ
1−ρ2 In0

1
1−ρ2 In0

)
. From this we can then find

XTV−1X =
1

σ2

( n0

1−ρ2 − n0ρ
1−ρ2

− n0ρ
1−ρ2

n0

1−ρ2

)
(XTV−1X)−1 = σ2

( 1
n0

ρ
n0

ρ
n0

1
n0

)

XTV−1~Y =
1

σ2

(
n0

1−ρ2Y 0 − n0ρ
1−ρ2Y 1

n0

1−ρ2Y 1 − n0ρ
1−ρ2Y 0

)
~̂βG = (XTV−1X)−1XTV−1~Y =

(
Y 0

Y 1

)

which is the same as the OLSE, and thus has the same expectation and variance
(you can check that σ2(XTV−1X)−1 gives the same answer as found above– it
does).

Note that this agreement between the OLSE and GLSE in this case is specific to
the particular design matrix. In general the OLSE and GLSE will not be equal.
However, when they are equal, it only stands to reason that their standard errors
must also be equal. This does not mean, however, that standard statistical soft-
ware for OLSE and standard statistical software for GLSE will provide the same
inference. That will have to do with the estimates of σ2 as noted in part b.

(b) Provide an estimate of the variance of ~̂βG and ~aT ~̂βG assuming that ρ is known.

Ans: The variance of ~̂βG is given above. In order to estimate µ1 − µ0, we are
interested in estimating ~aT ~β, where ~a = (−1 1)T . The variance of the GLSE for
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that estimable function is thus

V ar(~aT ~̂βG) = ~aTV ar(~̂βG)~a = σ22(1− ρ)

n0

We again have to estimate σ2, which we can effect by methods similar to those used
for problem 1. We can also think about it quite simply in this case: The paired
observations would allow us to note that Yi − Yn0+i ∼ (µ0 − µ1, σ

2(2− 2ρ)) , so
we could take the sample variance of the paired differences and obtain an unbiased
estimate of σ2(2−2ρ), and then use the known value of ρ to solve for an unbiased
estimate of σ2.

(c) Provide an estimate of the variance of ~̂β and ~aT ~̂β under the assumption that the
observations are independent. How do they compare to the answers in b?

Ans: When we assume ρ = 0, we obtain

V ar(~̂β) = σ2

( 1
n0

0

0 1
n1

)

V ar(~aT ~̂β) = σ2

(
2

n0

)

Note that for positive ρ, the true variance is less than that which would be es-
timated when we assume ρ = 0. Furthermore, when making inference using an
estimate of σ2, incorrectly assuming independence rather than a true positive
correlation would overestimate σ2. Thus in this case when the correlated obser-
vations are sampled at different values of the covariate, inference based on the
assumption of independence would be conservative, resulting in a substantial loss
of statistical power.

(d) How does the effect of correlated observations affect an ordinary least squares
analysis differ when the correlated observations are within groups sharing the
same predictor values versus when the correlated observations have different pre-
dictor values?

Ans: As noted above, when we consider a cluster of correlated observations of
response, if the correlation among the predictors is of the same sign as the corre-
lation among the errors within that cluster, the true variance tends to be greater
than the variance estimated under independence, and tests and confidence inter-
vals will be anti-conservative. On the other hand, if the correlation among the
predictors within a cluster is of opposite sign of the correlation among the errors,
then the true variance tends to be smaller than the variance estimated under in-
dependence.
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So, for instance, in problem 3 the predictors in a cluster were positively correlated
in the sense that the cluster had all the same values for the predictor. In that
problem, when ρ > 0, the estimated variance was too small. However, if ρ < 0
in that problem, the variance estimated under independence is too large. But as
noted in problem 1, there is a lower bound on how negative a common correla-
tion may be for a specific sample size within clusters: For a cluster size of 2, any
correlation is possible, for a cluster size of n, we must have ρ > −1/(n− 1).

In problem 4, the predictors in a cluster were negatively correlated in the sense
that repeated observations within a cluster were for different values of the predic-
tor. In that problem, when ρ > 0, the variance estimated under independence was
too large. On the other hand, if ρ < 0 the variance estimated under independence
was too small, thereby leading to anti-conservative testing.

MORE INVOLVED PROBLEMS

5. Consider linear regression models relating response ~Y to an intercept and up to two
predictor vectors ~W and ~Z (so a full design matrix X = (~1n ~W ~Z) has Xi1 ≡ 1 for

i = 1, . . . , n and Xi2 = Wi and Xi3 = Zi and ~β = (β0, β1, β2)
T ). Assume E[~ε] = ~0 and

var(~ε) = σ2In. Our primary target of inference is the association between Y and W .
We consider “adjusted” linear regression model in which

~Y = β0 + ~Wβ1 + ~Zβ2 + ~ε

and “unadjusted” model
~Y = γ0 + ~Wγ1 + ~ε∗

.

(a) Under what conditions is the OLS estimate β̂1 equal to the OLS estimate γ̂1?

Ans: Suppose that ~1Tn ~W = ~1Tn ~Z = 0. (This can be achieved by centering the
covariate vectors, and by problem 1 of homework 3, this does not affect the slope
parameter estimates or distributions. Later we will consider the general case.)

Define W = (~1n ~W ) and X = (W ~Z). Then

~̂β = (XTX)−1XT ~Y

~̂γ = (WTW)−1WT ~Y

and we want to find when (0 1)~̂γ = (0 1 0)~̂β. Following the approaches used
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above with r = rWZ = SWZ/
√
SWWSZZ we find

(WTW)−1 =

(
1
n

0
0 1

SWW

)

(XTX)−1 =

 1
n

0 0
0 1

SWW (1−r2) − r
(1−r2)

√
SWWSZZ

0 − r
(1−r2)

√
SWWSZZ

1
SZZ(1−r2)



Thus β̂1 = γ̂1 when

~W T ~Y

(1− r2)SWW

− r ~ZT ~Y

(1− r2)
√
SWWSZZ

=
~W T ~Y

SWW

which in turn is satisfied if r = 0 or if

r =

√
SWW

SZZ

~ZT ~Y

~W T ~Y

Obviously, ~Y is random, and thus the second condition cannot be set by experi-
mental design. We can set rWZ = 0 by experimental design.

For arbitrary ~W and ~Z, the above results obtain so long as the centered vectors
have correlation 0. Of course, adding constants to vectors does not change their
correlation, so for arbitrary ~W and ~Z, γ̂1 = β̂1 so long as SWZ/

√
SWWSZZ = 0.

(b) Under what conditions is the standard error of β̂1 equal to the standard error of γ̂1.

Ans: Now

var(~̂β) = σ2(XTX)−1, and

var(~̂γ) = τ 2(WTW)−1

where σ2 = var(Y |W,Z) and

τ 2 = var(Y |W ) = EZ [var(Y |W,Z)] + varZ(E[Y |W,Z]) = σ2 + β2
2var(Z|W ).

For the standard errors of β̂2 and γ̂2 to be equal, we must have

σ2 1

(1− r2)SWW

= (σ2 + β2
2var(Z|W ))

1

SWW

This will be satisfied if r = 0 and β2 = 0 or if r = 0 and var(Z|W ) = 0. The above
equation can also be satisfied by putting suitable restrictions on var(Z|W ) =

r2σ2

(β2
2(1−r2))

for nonzero β2, but this is difficult to do by experimental design when

β2 is unknown.
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(c) Under what conditions is the estimated standard error of β̂1 equal to the estimated
standard error of γ̂1.

Ans: We would typically estimate

V̂ ar(β̂1) = σ̂2 1

(1− r2)SWW

V̂ ar(γ̂1) = τ̂ 2
1

SWW

where (using the fact that X(XTX)−1XT is a projection matrix)

σ̂2 =
1

n− 3
(~Y −X~̂β)T (~Y −X~̂β) =

1

n− 3
~Y
(
In −X(XTX)−1XT

)
~Y

τ̂ 2 =
1

n− 2
(~Y −W~̂γ)T (~Y −W~̂γ) =

1

n− 2
~Y
(
In −W(WTW)−1WT

)
~Y

Now, the condition that the projection matrices be the same for the two models
would demand that X and W have the same range. This condition is not of inter-
est. The condition that X and W have different ranges, but the same projection
of ~Y would lead to β̂2 = 0, something that we cannot control by experimental
design, nor can we expect it to happen regularly even when β2 = 0.

Hence, we will get equality in the estimated standard errors only when the sum
of squared errors from the unadjusted model is very little more than the sum of
squared errors from the adjusted model, so as to allow the larger denominator of
(n − 2) versus (n − 3)(1 − r2) to make up the difference. This is very hard to
control by experimental design. I also note that in common practice, we use the t
distribution with n−2 degrees of freedom to find critical values in the unadjusted
model, while we use the t distribution with n−3 degrees of freedom in the adjusted
model. This can also lead to slight differences when making inference.

(d) Under what conditions is γ̂1 unbiased for β1?

Ans:

E[~̂γ] = (WTW)−1WTE[~Y ]

= (WTW)−1WTX~β

= (WTW)−1WT (W(β0 β1)
T + ~Zβ2)

= (WTW)−1WTW(β0 β1)
T + (WTW)−1WT ~Zβ2)

= (β0 β1)
T + (WTW)−1WT ~Zβ2)

13



Hence, using our above results for the structure of (WTW)−1, γ̂1 is unbiased for
β1 if only if rWZ = 0 or β2 = 0.

(e) Under what conditions is γ̂1 BLUE for β1?

Ans: By Gauss-Markov theorem, ~̂β is BLUE for ~β. Hence the only time that γ̂1
will be BLUE is when γ̂1 = β̂1 under the conditions of part (a.).

(f) Suppose in particular that β1 = 0 and β2 6= 0. What is the impact of this situation
on the distribution of γ̂1, and how would γ̂1 compare to β̂1 from the full model?
Compare this situation to the setting in which β2 = 0 and β1 6= 0.

Ans: If β1 = 0, β2 6= 0, and rWZ 6= 0, the estimate γ̂1 will be biased towards find-
ing an association between Y and W when there is truly none after conditioning
on Z. β̂1 will tend to be close to zero, but γ̂1 will tend to be too large or too small
depending upon the sign of β2 and the sign of the correlation between W and Z.
If β1 = 0, β2 6= 0, and rWZ = 0, the estimate γ̂1 will be unbiased for β1. If
rWZ = 0 by design, the estimated standard error of γ̂1 will tend to be too large
leading to confidence intervals that are too wide.
On the other hand, if β1 6= 0 and β2 = 0, this is the situation where the smaller
model provides regression estimates that are BLUE.

Bottom line: The first question in deciding whether you want to fit the adjusted
or unadjusted model is whether you are more interested in β1 or γ1. There are
many scientific issues that must be considered in that decision.

The remainder of this discussion presumes that we are truly interested in β1,
which may or may not be equal to γ1. The relative advantages of fitting the
adjusted or unadjusted model depend upon the values of β2 and rWX .

• If β2 6= 0, then, when possible, we would like to choose our experimental
design matrix such that rWX = 0. In that setting, both β̂1 and γ̂1 are unbiased
for β1. Furthermore, β̂1 = γ̂1, so they would have the same standard error.
However, using the usual statistical software with the unadjusted model will
overestimate the true standard error of β̂1, because it will use τ̂ 2 instead of
σ̂2. In this case, we definitely want to use the adjusted model.

• If β2 6= 0 and we are stuck with rWX 6= 0, we want to use the adjusted
model in order to obtain an unbiased estimate of β1. In that setting, the
standard error of β̂1 may be either larger or smaller than the standard error
of γ̂1, depending upon the relative sizes of β2 and rWX . Large β2 will tend to
decrease the value of σ2 relative to τ 2, but if |rWX | is large, then the (1−r2WX)

term in the denominator will tend to increase the standard error of β̂1.

• If β2 = 0 and we are stuck with rWX 6= 0, then we certainly do not want to
use the adjusted model, despite the fact that γ̂1 will be unbiased for β1. In
this setting, σ̂2 will tend to be close to τ̂ 2, because σ2 = τ 2. However, the
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(1 − r2WX) term in the denominator will tend to increase the standard error

of β̂1, without any concomitant gain in precision.

• If β2 = 0 and rWX = 0, then we also do not want to use the adjusted model,
although there is relatively less harm if we use it anyway. We will have that
γ̂1 will be unbiased for β1, and we do not have to worry about any variance
inflation from the (1 − r2WX) term in the denominator. We can guess that
σ̂2 will tend to be close to τ̂ 2, because σ2 = τ 2, but insofar as the sums of
squared errors are close to each other, in the adjusted model we are dividing
by n − 3 instead of n − 2 in the unadjusted model. By habit, we will also
use the critical values from a t distribution with n − 3 degrees of freedom,
which critical values are larger than the corresponding critical values for a t
distribution with n− 2 degrees of freedom. This last point will tend to make
our CI wider and our tests less powerful, though this is fairly negligible with
a decent sample size.
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