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Stat 513
HW 6 Solutions
March 7, 2004

(a) Let X1,..., X, ¥ I'(a,B) = —2—~29"1¢™5 with a known. Show the best (most powerful)

Bl (a)
test of

Hy:6=1 vs. H :06=2
is a function of a sufficient statistic for 3. Hence, find a level o most powerful test for Hy

against H;. Is the test unbiased?
By the NP Lemma we know the form of the MP test and thus look at:
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Since Y x; is sufficient for 5 when a is known (previous homework, etc), we've shown the
MP test is a function of a sufficient statistic. Now to find the value of k3 for a level-a test,
note that since each X; is a gamma, the sum of X’s will also be gamma, and specifically
['(na, 8) (from Stat 512). Hence we have that:
o = P’I”[ZZL’Z’>I€3]
=1—a = PT’[ZZL’ngg]
= k3 = the 1 — o' quantile from a I'(na, 3) distribution

Recall that for a test to be unbiased, then E906H0(¢()?)) < EgleHl(QS()_(:)).
This can be easily shown comparing Pr{I'(na, 8y) > k3] vs. Pr[l'(na, 1) > ks].

Repeat as in part (a), but for Hy : = (g versus Hy : = 1, /1 > [y, and hence generlize
the result from part (a) for a composite alternative. Also, show that the power curve is
non-decreasing in (3.

Since part (a) was solved without specifcally using the fact that §; = 1 and §; = 2, part
(b) has already been solved (provided Gy < /).

For showing the power being a non-decreasing function of j:

Pwr(B) = P x> ks|f]
= 1— P[l(na, B) < ks|d]

= 1-P[(na,1) < %Iﬁ]



Now this can be seen as being increasing in [.

e 9.3.2
Let X1,..., X, < f(z]0) = e @91y y(z), the "unit displaced exponential”. Use N-P Lemma
to determine a level o most powerful (MP-«) test for Hy : 6 = 0y versus Hy : 0 = 01, 61 > 0,
Assume all z; > 6, to avoid dividing by zero, and since we shouldn’t really accept either hypoth-
esis if this happens.

exp(E ~(5s = O L (min(s))
exp (3 — (i — 00))1(9y,00) (mMin(x;))

eXp(Z —(z; = 60h) + (2 — 00)) 1 (0, ,00) (Min(z;)) > 2

T(x) = 1(g, 00)(min(z;)) > c3

Now ¢3 can be anywhere in (0, 1), because T'(x) only takes values 0,1. And the only a-level test
we can derive is a = Pg,(min(z;) > 601) = (Py,(X > 61))" = (1 —exp(6; — 6y))". This test,
however, has power 1, since under the alternate hypothesis X; > 6,.

e 9.3.5
Use the NP Lemma and show there is no Uniformly Most Powerful (UMP) a-level test for
Hy : 0% = 02 versus H, : 02 # o based on a random sample X1, ..., X, N (p, 0?) with p known.
Also, show that the power function of the NP test for Hy : 02 = o2 versus H, : 0 = 0%, 0% > 0}
changes as a function of ¢ = o} /03.
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It is clear at this point that the MP test will be through the test statistic 3" (z; — u)?, but which
way does the inequality face? At this point we are unsure which of two situations we could be
in, o > 0 or 0? < o3. Since this depends on the value of o}, we cannot have a UMP test.

In the second part of this problem, we'll take 02 > 02 as given. Thus, our test will reject for
T.S. =Y (z; — p)* > k3. And since each X; ~ N (p,0?), then L5 ~ x2 Thus, k3 under the null
hypothesis will be o2 - X%,u_a)- This in turn implies that under the alternative (to calculate the
power),

Pr [Z(,ﬁ(}l —p)? > k3|aﬂ = Pr liz > ?|Jf
i



Now recognize the left side of the inequality above as another Chi-Squared distribution (remem-
ber, this is under the alternative, so dividing by o? is appropriate here, whereas under the null,
it was o¢) and we can see the power being a function of the ratio o?/c2.

e 9.3.6
Consider testing Hy : p(z) = po(z) versus Hy : p(z) = pi(x) with a sample of size 1 using the
following data:

x 2 4 6 8 10 12 14 16 18 20
po(z) | 0.01 [ 0.02 | 0.03 | 0.04 | 0.05 | 0.06 | 0.07 | 0.22 | 0.25 | 0.25
pi(z) | 0.04 | 0.04 | 0.09 | 0.16 | 0.20 | 0.24 | 0.08 | 0.05 | 0.05 | 0.05

Find all critical regions of size a = 0.7, and of these, determine which one has maximum power.
Critical regions of size o (as opposed to level «) are: {2.4,8}, {2,12}, {4,10}, {6,8}, and {14}
with respective power being 0.24, 0.28, 0.24, 0.25, and 0.08. Thus, the MP size « test here
corresponds to a critical region of {2,12}. Note: the distinction of size versus level is just an
equality versus inequality respectively. A size « test has type I error equal to o whereas a level
a test has type I error < a.

e 9.3.8

(a) For each of the following, find a UMP-« test (if one exists). Assume we have Xy, ..., X,, in
each case.

(i) Ho: 0 <0y versus Hy : 0 > 0y, f(z]0) = 0x~O=V1 ()
We'll start with NP-Lemma on Hy : 0 = 6y versus Hy : 0 = 61, 61 > 6.
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Now we need to figure out the distribution of Y- log(X;), which can be done with a
simple change of variable. Let Y = log(X;). Then



fr(yld) = fX(ey|9) eV = 96_9(9_1)691(0@0) (y) = 0" 1(,00)(y) = E(O)
= > log(z;) ~T(n,1/6)
= Pr [ZZOQ ZL’Z' < kg‘e(]} =«
= ky = the o' quantile from a I'(n, 1/6,) distribution

Again, we actually have a UMP-« test over the alternative since we have yet to use 6,

in derivations. Now if we just get the power function increasing in 6 then we’ll be done.
(i.e. Pwr(f) < Pwr(6y) V6 < b))
This is true since we can write each as follows:

Pur(0) = Pr|Y log(x;) < kal0] = Pr(T(n,1) < 0k
Puwr(6o) = Pr|>log(z;) < kslfo| = Pr[T(n, 1) < ks
= Pwr(f) < Pwr(by) since 6 < 6,

Hence we have a UMP-« test for Hy : 0 < 0y versus Hy : 6 > 6.

H(] 0 > 60 versus H1 0 < @0, (.CL’|8> 1 0)/91(0,1)(217)
We'll start this one as in the previous part with NP Lemma.
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Note: Different direction of inequality in NP Lemma result compared to that in the
previous part, this is because #; < 6y this time.

Now we need to figure out the distribution of 3" log(X;) again, which can be done with
a simple change of variable. Again let Y = log(X;). Then

1 1 1
fx(e’|0) - e’ = éey 7 6yl( %,0)(y) = 56_%1(0700)(9) =£(1/9)

—> log(z;) ~T(n,0)
Pr [—ZZOQ ZL’Z' < kg‘e(]} =«

ky = the o quantile from a I'(n, 6) distribution

fr(y]0)

¢l



Again, we actually have a UMP-« test over the alternative since we have yet to use 6,
in derivations.

Now if we just get the power function decreasing in # this time, then we’ll be done.
(i.e. Pwr(0) < Pwr(0y) V0 > 6,)

Pur(0) = Pr|=>log(z;) < ks|f] = Pr{l(n,1) < ky/0]
Pur(fo) = Pr|=Y_log(:) < kslfy| = Pr[T(n,1) < kz/6)]
= Pwr(f) < Pwr(6y) since 6 > 6,

Hence we have a UMP-« test for Hy : 8 > 6y versus Hy : 6 < 6.

(b) Find expressions for the power functions in part (a).
These were specified above and denoted Pwr(#).

e 90.3.11
Based on a random sample of size n, test Hy : f(z) = ¢(z) standard normal versus H; : f(x) =
T (14 2?) ' 1 (Leo,00) () (Cauchy) using the NP Lemma to find a MP-« test. For v = 0.05, find
the critical region and power of the test you find.
Finding a critical region and power in closed form proved intractable in this problem, so I won’t
persist. Proceed to find the UMP test using NP lemma.

(m) " T, (1 + 2)~
(2m) /% exp(— 27, 27/2)

exp(d_ —log(l+ ) +27/2) > o
i=1

> cC

T(x)=>Y a}/2—log(l+z}) > c3

i=1

We can do the third step because exp is a strictly increasing function. Set c¢3 such that P, (7'(x) >
¢3) = a. Our critical region is the set of (x : T'(x) > ¢3), and the power of this test is Py, (T'(x) >
Cg).

e 9.3.13

(a) Want to test Hy : A = A\g versus Hy : A = A1, (A\p < A;) for a Poisson population. How large
of a sample size is needed to obtain a MP-« test with power of 1 — 37 (Assume sample size
is CLT-worthy large)



We assume we can approximate this as X ~N(\,\/n). By N-P,
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A\ ="
()\_0> > Cy
Z z;(log(A1) —log(Nog)) > ¢3
TX)=T > ¢
_ o (T — o) Cy — Ao
Paie> e = (st > o)
Cq — )\0
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=
Cy = (ID_l(l—a)(/\o/n)l/2+)\0

_ —A
Py, (T>cy) =~ 1—@(&37”)11/2)
— 1-3

Cq — )\1
(A1/m)t/2
O7(B) = 71— a)(Ao/A)+ (Ao — A1)/ (Ai/n)?

2
M2e71(B) = A1 (1 - a)
Ao — M

(b) Calculate the sample size in part (a) if A\g =2, A; = 1, =0.05,1 — 3 = 0.90.
Note: there’s a likely misprint here, we found a test for Ay > A\g and here A\ =1 < \g = 2.
Just going with it: n=13, switching it: n=12.



