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• 6.3.2
Let X1, X2, ... be iid r.v.’s ∼ fX(x) = 1

λ
e

−x
λ 1[x>0] with 0 < λ < ∞

(a) Show that √
n(X − λ)

X

d−→
n→∞

N(0, 1)

E(X) = λ and V ar(X) = λ2

⇒ E(X) = λ and V ar(X) =
λ2

n

⇒ X
p−→

n→∞
λ

⇒ λ

X

p−→
n→∞

λ

λ
= 1

Now we have
√

n(X − λ)

X
=

√
n(X − λ)

λ
· λ

X

d−→
n→∞

N(0, 1) · 1 = N(0, 1)

(b) Let β = 1
λ
. Show that

√
n(βX − 1)

d−→
n→∞

N(0, 1)

√
n(βX − 1) =

√
n(X − 1

β
)

1
β

=

√
n(X − λ)

λ
d−→

n→∞
N(0, 1)

• 6.3.3
Let X1, X2, ... be iid N(1, 1) r.v.’s. Prove or disprove:

√
n(X

2 − 1)
d−→

n→∞
N(0, 1)

There’s more than one way to complete this problem.
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(1) Slutsky

√
n(X

2 − 1) =
√

n(X − 1)(X + 1)
√

n(X − 1)
d−→

n→∞
N(0, 1) by CLT

(X + 1) −→
p

2

=⇒
√

n(X
2 − 1)

d−→
n→∞

2 · N(0, 1) 6= N(0, 1)

(2) Delta Method
Use the continuous function g(x) = x2 (g′(x) = 2x).

√
n(X − 1)

d−→
n→∞

N(0, 1) by CLT

⇒
√

n(X
2 − 12)

d−→
n→∞

2(1)N(0, 1) 6= N(0, 1)

• 6.3.5
Let X1, X2, ... and Y1, Y2, ... be sequences of r.v.’s such that Xm

d−→X and Ym
d−→X.

Prove or disprove: Xm − Ym
d−→ 0

This statement is incorrect, thus a counterexample will suffice.

Let Xm ∼ N( 1
m

, 1)
d−→N(0, 1) and Ym ∼ N( 2

m
, 1)

d−→N(0, 1).

Then Xm − Ym
d−→N(0, 2) 6= N(0, 1).

• 6.3.6
Find an approximation to the probability P (175 ≤ χ2

200 ≤ 225).
Using the normal approximation as in example 6.3.7 on page 320:

≈ P (175 ≤ N(200, 400) ≤ 225)

= P

(
(175 − 200)√

400
≤ N(0, 1) ≤ (225 − 200)√

400

)

= Φ

(
(225 − 200)√

400

)
− Φ

(
(175 − 200)√

400

)

= Φ(1.25) − Φ(−1.25) ≈ 0.7887

• 6.3.7
Let X1, X2, ..., Xn1 be a random sample ∼ N(µ1, σ

2) of size n1 and Y1, Y2, ..., Yn2 be a ran-
dom sample ∼ N(µ2, σ

2) of size n2 with σ > 0. Then given the pooled variance estimate of

2



s2
p =

n1∑
i=1

(Xi − X)2 +
n2∑
j=1

(Yj − Y )2

n1 + n2 − 2

prove the following as min(n1, n2)−→∞:

(a) X − Y −→
p

µ1 − µ2

E(X) = µ1 and E(Y ) = µ2

V ar(X) = σ2 = V ar(Y ) = σ2

Now the result follows by WLLN and Corollary 6.3.14(i).

(b) s2
p −→p σ2

Assume that n1 = λn2. We know from previous homework that both s2
x and

s2
y −→p σ2.

s2
p =

(n1 − 1)s2
x

n1 + n2 − 2
+

(n2 − 1)s2
y

n1 + n2 − 2

=
(λn2 − 1)s2

x

n2(λ + 1) − 2
+

(n2 − 1)s2
y

n2(λ + 1) − 2

−→
p

λ

(λ + 1)
σ2 +

1

(λ + 1)
σ2 = σ2

(c) (X−Y )−(µ1−µ2)√
s2
p( 1

n1
+ 1

n2
)

d−→N(0, 1).

Assume again that n1 = λn2. Now combining results from parts (a) and (b):

(X − Y ) − (µ1 − µ2)√
s2

p(
1
n1

+ 1
n2

)
=

√
σ2

√
s2

p

· (X − µ1)√
σ2
√

λ+1
λn2

−
√

σ2

√
s2

p

· (Y − µ2)√
σ2
√

λ+1
λn2

d−→ 1 · N(0, σ2)√
σ2(λ + 1)

− 1 · N(0, σ2)√
σ2(λ+1

λ
)

Now since linear combinations of normal r.v.’s are normal, and we know the two we
have here are independent, we just need to check the expectation and variance:
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Expectation = 0 − 0 = 0

Variance =
1

σ2(λ + 1)
σ2 +

λ

σ2(λ + 1)
σ2 = 1

thus, we have N(0, 1).

• 6.3.11
Let X1, X2, ... and Y1, Y2, ... iid Bernoulli r.v.’s with means p1 and p2 respectively and
p̂1,n1, p̂2,n2 be estimates for the paramters p1 and p2 via sample means of size n1 and n2

respectively.
Prove the following:

(p̂1,n1 − p̂2,n2) − (p1 − p2)√
p̂1,n1 (1−p̂1,n1 )

n1
+

p̂2,n2 (1−p̂2,n2 )

n2

d−→
n→∞

N(0, 1)

This will be done in the same format as the previous problem.
We will assume that n1 = λn2. Then we have:

p̂1,n1 − p̂2,n2 −→
p

p1 − p2 by WLLN

p̂1,n1(1 − p̂1,n1) + p̂2,n2(1 − p̂2,n2) −→
p

p1(1 − p1) + p2(1 − p2) by Slutsky

√
p1(1 − p1) + λp2(1 − p2)√

p̂1,n1(1 − p̂1,n1) + λp̂2,n2(1 − p̂2,n2)

√
λn2(p̂1,n1 − p1) +

√
λ
√

n2(p̂2,n2 − p2)√
p1(1 − p1) + λp2(1 − p2)

d−→
n→∞

1 · N(0, V ar(X1)) +
√

λN(0, V ar(Y1))√
V ar(X1) + λV ar(Y1)

As before, linear combinations of normal r.v.’s are normal, and we know the two we have
here are independent, so we just need to check the expectation and variance again:

Expectation = 0 − 0 = 0

Variance =
V ar(X1) + λV ar(Y1)

V ar(X1) + λV ar(Y1)
= 1

thus, we have N(0, 1).

4



• 6.3.17
Let X100 denote the average of 100 rolls of a six-sided die. Compute the approximate
probability for the following (we’ll chose our approximation appealing to the CLT and
use a normal distribution).

Note: E(X) = 3.5 and V ar(X) = 91
6
−
(

7
2

)2
≈ 2.91667.

(a) P (X100 ≤ 3.5)

= P




10(X100 − 3.5)(
91
6
−
(

7
2

)2
)

︸ ︷︷ ︸
Z

≤ 10(3.5 − 3.5)(
91
6
−
(

7
2

)2
)




= P (Z ≤ 0) =
1

2

(b) P (2.3 ≤ X100 < 3.4)

= P




10(2.3 − 3.5)(
91
6
−
(

7
2

)2
) ≤ 10(X100 − 3.5)(

91
6
−
(

7
2

)2
)

︸ ︷︷ ︸
Z

<
10(3.4 − 3.5)(

91
6
−
(

7
2

)2
)




≈ P (−7.026 ≤ Z < −.58554) ≈ 0.2791
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