Stat 512
HW 2 Solutions
October 24, 2003

e 3.18
Part 1
Given X;, X are iid random variables, show that you cannot satisfy P(X;+ X, = k) = 1—11
for k =2,...,12.
Since X7 + X, is always an integer between 2 and 12, X must only take values between
1 and 6. Assume P(X; + Xy = k) =

ﬁ.

PXi+X,=2) = P(X;=1&X,=1)
= P(X;=1)-P(Xz=1)
1
_ 12 &
= P(X=1) =1
PX=1) = 1
7 7 V1
Similarly,
P(X;+X,=12) = P(X;=6& X, =6)
— P(X,=6) P(X,=06)
1
_ a2 &
= P(X=6)"=—

Now for when k =7,

> P(X=1)-P(X=6)+P(X=6)-P(X=1)
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So P(X; 4+ X, = 7) # . This corresponds exactly to the case where we have two iden-
tical dice and want the sum of their faces to be uniformly distributed.

Part 2
Is it possible to weight a pair of dice to get every sum from 2 to 12 with the same proba-
bility?



No, follow the same steps as Part 1, but use p; and ¢, with pg and g¢s.

NOWPl'lel—ll & pﬁ'%:l—ll

then p1 - g6 +ps - 1 > 1—11 since either p; - g5 > 1—11, e > =

e 3438

) 1
17, or they’re both 4.

Given X ~ B(m,p), Y ~ B(n,p) and letting Z = X + Y, find P(X = z|Z = z).

P(X =z|Z =2)

PX=2& Z=2)

P(Z ==z)
PX=2&Y =2—1)
P(Z =z)
P(X=2xz)-P(Y =2z—-1x)
P(Z =2)

<.
I

=

SAHS

g

.MN
/N 8

~
Il
o

PR
8 3
~——
—/
w
I3
8
~——

So P(X = z|Z = z) is Hypergeometric.

e 3.5.2

Given (X7, Xo, X3, X4, X5) ~ Multinomial (py, p2, ps, p4, p5, n = 30), what is the distribu-
tion of (Xl,Xg,Xg,X4|X5 = 2)7

P(Xl =x1, Xo = 2, X3 = 23, Xy = $4\X5 = 2) =
P(Xl = l’l,Xg = ZL'Q,Xg = Ig,X4 = I4,X5 = 2)

P(X; = 2)
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T, T2, T3, T4
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This is exactly a Multinomial( 2

o 3.26
Assuming P(X =) =

P(X > j+k|X > k)

e 429

Given: (X1, Xs, X3) are independent uniform r.v.’s with fx,(z) =

(i=1,2,3).

(a) Find the median of X;.

ps’ 1—ps’ 1—p5’ 1—ps’

P P — 28).
> (1—pp'

PX>j+k&X >k
P(X > k)

P(X >j+k)

P(X > k)

P =P(X >))

P

1

=) fora <z < band

Since each X, is identically distributed, the median will be the same for ¢ = 1,2,3

(a+b)

and since each X; is U(a, b), then the center will be the median, ~5=.

(b) Let Y = min(Xy, X2, X3), and a < ¢; < b for i = 1,2. Compute P(Y > ¢;) and

P(Y < CQ).



P(min >c¢;) = P(all X; > ¢p)
= P(X > 01)3

. b—Cl 3
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P(min < c¢3) = 1— P(min > cy)

()
b—a

(¢) Let U = max (X1, X, X3) and a < ¢; < b for i = 1,2. Compute P(U > ¢;) and
P(U < ¢y). Similarly,

P(max < ¢y) = Plall X; <)
= P(X <)’

B <02—a>3
- \b—a
P(max > ¢;) = 1— P(maz < ¢y)
1 —a\?
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(d) If ¢; < ¢, then compute P(U < ¢2,Y > ¢1).

Py <min & max < c3) = P(Xy,Xo, X3 € (¢1,02))
= P(XZ € (61,02))3

. <C2—61)3
N b—a

o 4.7
Let fX,Y(xuy) = e—(x-i-y), €,y > 0.

(a) Find P(X > 1).

P(X>1) = /Oo/ooe_(“y)dydm
1 0

(b) Find Pla < X +Y <b).
There are two methods of doing this:



Method 1: Use only the bounds of integration:

b rb—zx
Pla<X+Y <b) = / / e dy dy

— //b_ ~(a+y) dyda:+// @) dy dy

= ale—e V) —elb—a)+ (e —e?)
a+1l b+1
es e

Method 2: Recognize that X and Y are independent exponential(1) random variables, so
X +Y =27~ Gamma(1,1) (by Scott’s notation).

b
Pla<Z<b) = /ze_zdz

a+1 b+1
e el

(¢) Find P(X < Y|X < 2Y):

PIX <Y & X <2Y)
P(X < 2Y)
Jo J§ e ) da dy
> [ e=(@ty) dx dy
3
4

PX <Y|X <2Y) =

SININIE o%

e 4.14 Let X = (X1, X2) have the joint density function
fxix, (w1, 22) = fi(@) fa(@2)[1 + a[2F1(21) — 1][2F2(22) — 1]], |o| < 1 where
fi(x;) and Fji(x;) are the pdf and cdf of a A/(0,1)

(a) Verify that [Z° 20 fx,.x. (%1, 22) dog dag =1
First, a few deﬁnltlons to simplify the algebra. Let H(z) = 2F(z) — 1, where F'(x) is
your favorite of the two F;s, since they are identical. Similarly, let f be your favorite
of the two f;s.

Step 1: Show H(x) is odd and f(x) is even.

fea) = ez




= \/%e_im

= f(2)
H(—z) = 2F(—z)—1
F-z) = _: £(t) dt

= 1- /x f(t)dt (since f(t) is even, and a pdf)
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Step 2: Show an odd function integrated over R is zero:
Let g(—z) = —g(x),

/OO g(x)de = /_Ooog(x) d:v+/ooog(x) dx
= —/Ooog(x)dx—l—/ooog(x)dx
0

Step 3: Do the integration, recalling that an even function times an odd function is odd.

/_O:o/_o:ofxl’X2(x1’x2>dx1dx2 = /_O:O/_O:Of(%)f(xz)[l+aH(x1)H(x2)]dx1dx2
= [T @) |7 e vart) [T f@)HE) drn) d

- /_OO Flao)[1 + aH(z2) - 0] ds
= 1

Alternate method: Use integration by parts to reduce things.

(b) Find fx,(;):

By symmetry, fx,(x1) = fx,(x2). Now integrating as in the previous part:

fx,(22) = /_O:Ole,Xz(xhb)d%
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o 4.17

o0

/°° f(xl)dx1+aH(x2)/ Fle) H ()| doy

— 00 — 00

f(z2) [1 + aH(zz) - 0]
f(z2) = fa(x2)

So X; ~ N(0,1) marginally.

Is (X1,X3) jointly normal?
If it is, then it will follow the form of the bivariate normal distribution:

1 _ 1 . (601*51)2 _2p(w1*u1)(12*u2)+(12*u2)2
fxix, (21, 22) = e =L e 7172 o5
tazy 20109y 1 — p?

This can be handled in two cases: a =0 and «a # 0.

When a = 0 then the joint is defined as being factored into the product of two
univariate pdf’s. Since these pdf’s are normal as well, the joint distribution must
be normal because it’s the product of two normals. This is also easily seen if the
univariate pdf is multiplied out, then you’ll have a form of the bivariate normal pdf
as shown below (with p; = pp =0, 07 = 03 =1, and p = 0).

1 —l[acf—l—x%]

Ixix, (21, 22) = %6’ 2

When a # 0, we're still looking for fx, x,(z1,22) to take a form of the bivariate
normal density for (X7, X5) to be jointly normal.

Thus g1 = pe = 0, and 07 = o3 = 1. Now this bivariate form must hold for all
(21, %), and examinging the case when (z1, z2) = (0, 0) results in fy, x,(z1,22) = &

In the general bivariate normal case, the result is ; 11 =, thus p must = 0.
m/1-p

The last part we need to consider is the H (z;) stuff: [14+a(2F;(z1)—1)(2F(z9)—1)] =
1 or [@(2F (z1) — 1)(2F(z2) — 1)] = O for all (z1,22). This is not the case, thus
(X1, X2) is not jointly normal when a # 0.

Show "lack of memory” property of the exponential r.v.

X ~

E(N\) means fx(z) = Ae ™, >0

PX >uz) = /OO)\e_’\xdx

6—)\901-



P(XZ$1+£L'2&XZIL‘1)
—A(z1+w2)

P(XZI'1+ZZI2|XZI1) =

(&
€—>\:L‘1

6—)@2

P(X > x3)

Alternatively using the cdf:

P[X > 21 + x5 and X > z]
P[X > xl]

P[X Z T+ ZI}'Q]
(1 - P[X <21+ 7))

(1= PIX < 7))
1 — (1 — e~ Marta2)
- ( (1 : (1 - ) ) (exponential cdf)

—(l—e

6_)‘(1'1+Z‘2)

- e P 2 )
e~ T

P[XZ$1+ZL’2|X2!E1] =

o 4.22
If X and Y have joint density function:

1
fxy(z,y) = %e—ﬁﬁ—y’ —o<r<oo, 0<y<oo

Find fx(z) and fy(y), and determine if X and Y are independent.

& _ 12
fX(I) = 0 %6 = ydy
1 22 [e'e)
= %e_ﬂ/o e Ydy
1 .2
= JE— 47
27r6
frly) = / ge_ﬁmz_ydx
e’} 1 22
= e_y/ Q—e_ﬂd:c
—o0 4T
= e_y

Recognize the distribution of fx(z) as N (0,27) and the ditribution of fy(y) as £(1).
Technically, we did not need to do the second integration since the joint distribution
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factored into two distributions, but it is done here for clarity, and to remind about the
definition of marginal distribution. Since the joint distribution is the product of the
marginals, X and Y are independent.



