Stat 512

Emerson, Fall 03

Final Examination Key
December 12, 2003

Instructions:

This exam is closed book, closed notes. No use of calculators is permitted.

Write answers to the following questions on separate sheets of paper, start-
ing each problem at the top of a new page. Use only the front side of each
page. Be sure to write your name on the top of each page.

In order to receive full credit, you must make clear how you derived the
answers to the problems.

You are allowed 1 hour and 50 minutes for this exam.

In addition to the theorems covered in class, you may use the following facts
without proof:

e The following sums

3

n(n+1)
2

_n(n+1)(2n+1)

|

Zig _ n2(n + ].)2

o If X ~ &(N\) (an exponential random variable with density fx(x) =
Ae‘”l[o<x<oo] for some A > 0), then EX = % and Var(X) = )\—12

o Asn — o0 .
lim (1+—) — et



Stat 512, Fall 03 Final Key, Page 2

1. (15 points) Provide definitions for the following terms. Be sure to make clear any
notation you use.

a. Convergence almost surely.

Ans:

Ans:

Ans:

Let X and X1, X5, ... be random variables defined on a common probability space
(Q, A, P). The sequence X7, Xo,... converges almost surely to X (X,, —,s X)
if Pr(X,, — X] =1, or, more formally,

P({weq: lim X,(w) = X()}) =1

n—oo

Convergence in probability.

Let X and X1, X, ... berandom variables defined on a common probability space
(Q, A, P). The sequence X1, X, ... converges in probability to X (X,, —, X) if
Ve > 0 Pr[| X, — X| > ¢] — 0, or, more formally,

Ve > Onli_)rr;OP({w €N | X,p(w)—X(w)|>€e})=0

Convergence in distribution.

Let X and X;, Xs, ... be random variables (not necessarily defined on the same
probability space) having cumulative distribution functions F(z) = Pr[X<x]
and F,(z) = Pr[X,<z], respectively. The sequence X7i, Xs,... converges in
distribution to X (X,, —¢ X) if Vxo such that F(-) is continuous at xg,

lim F,,(z¢) = F(x,)

n—oo

2. (15 points) State and prove a weak law of large numbers.

Ans:

(WLLN) Let X;,X5,... be a sequence of ‘independent random variables with
E[X;] = p and Var(X;) = 0 < co. Define X,, = > | X;/n. Then X,, — u.

Pf: By laws of expectation,

E[X,] =

£|13-x| =15 -

and because the random variables are independent, the properties of variance
dictate

[\3

Var (X,) = Var < ZX) = ZV&T —.

Now using Chebyshev’s inequality, for every fixed € > 0

— Var(X, 2
Pr[|X, —p| > € g# = 0—2.
€ ne
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Because 02/(ne?) — 0, we thus have

Ve >0 lim Pr[|X, —u|>¢€ =0,

n—oo

which is the definition of convergence of probability.

3. (30 points) Let X7, Xo,... be a sequence of i.i.d. discrete random variables having
probability mass function

2x
px(x) = 0+ 1) lipe1,2.3,...,6)]

for some integer 6 > 1.

a. Derive a method of moments estimator for 6 for sample size n. Find its bias

Ans:

function and show its consistency.

The easiest approach is to find the lower order moments of the distribution of X
until you find a function of the moments that is equal to #. Thus, looking first at
the first moment,

00+ 1) 6 3

We can thus see that 0 = g(E[X;]) for g(x) = (3x — 1)/2. Hence a method of

moments estimator of 6 is 6, = (3X,, — 1)/2, where X,, = Y. | X;/n is the
sample mean of the first n observations.

In order to find the bias function, we merely note that because the sample mean
of identically distributed random variables is always an unbiased estimator of the
expected value of any one of the random variables,

bn(0,,0) = E[0,] — 0

:E<73X”_1>—9
2

3E§n}—1_9
2

:3(29+;)/3—1_9:9_9:0’

showing that 6,, is unbiased.
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In order to show its consistency, we use the WLLN (either Khinchin’s to avoid
having to argue that Var(X;) < oo, or noting that in the next part we will show
finite variance) to show that X,, —, (20+1)/3. Then, because g(z) = (3z —1)/2
is a continuous function, the Mann-Wald (continuous mapping) theorem dictates
that .

0, =9(X,) —p g((20+1)/3) =0.

Find the asymptotic distribution for your estimator in part a.

Because we know that 6,, is a rather straightforward function of the sample mean,
the obvious approach should be to start with a central limit theorem, and then
try the delta method and see if we end up with a nondegenerate (i.e., nondeter-
ministic) distribution.

Because the random variables are i.i.d., it seems logical to first try the Levy
Central Limit Theorem. In order to use the Levy Central Limit Theorem, we
need to know that the variance exists and know the formula for it. This is easily
derived by using the computational formula Var(X) = E[X?] — E?[X]. We thus
find

6
2x
21 2
Bl _;‘” 00+ 1)

9 0
_ 3
_9(e+1);x

2 0%2(0+1)2 6(0+1)

660+ 1) 4 2
Then,
Var(X;) =

< oQ.

00+1) (20+1\ 6> +6-2
2 3 B 18

So from the Levy Central Limit Theorem we have

. 20+1 62 +6—2
(525 e (02542

Now, we use the d-method for 6, = ¢(X,), with g(z) = (3z — 1)/2 and ¢'(z) =
3/2. Thus
~ 3 02 +6—2
Vit (B0 = 0) —a SN (0,7+ )

02+60—2
- _/\/<0,7).

8

(When using this asymptotic distribution as an approximation in finite samples,
we would thus use
m+9—2)

0,~N (0
N(’ 8n
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in order to compute frequentist statistics such as P values and confidence inter-
vals.)

c. Find a maximum likelihood estimator for 6 for sample size n.

Ans: We find the likelihood function as

- 2X;
L] Xn) =] B0 1 1) L2 0H
=1
on
I UESVE [ Xtxeenz.on

=1

where X,y is the nth order statistic in the sample {X1,..., X, }.

As the support of the distribution of the X;’s varies with 6, it is generally easier
to find the MLE by noting the following properties of the likelihood function:

— The value of 2™/(0™(1 4 6)™) is decreasing as 6 increases.
— The likelihood function is zero for § < X, and positive, otherwise.

It therefore follows that L(f#) is maximized at the lowest value of 6 for which
L(6) > 0. This occurs at MLE 6 = X,,).

(I did not ask you to show the bias or consistency of this estimator, nor did I
ask for the asymptotic distribution. Because the estimator does not involve a
sum, it is most likely that such properties would have to be derived by brute force
using the definitions of expectation, convergence in probability, and convergence
in distribution.)

4. (40 points) Let X7, Xo,... be a sequence of i.i.d. exponential random variables having
the density fx(x) = )\e_>‘””1[0<m<oo].

a. Find a method of moments estimator for A and give its asymptotic distribution.

Ans: Again, we start by finding the lowest order moments. From the facts that I
allowed you to use without derivation, we know that F[X;] = 1/\. Hence the
easiest method of moment estimator to use is 5\n =1/ X ,,, where X, is the sample
mean of the first n random variables.

In order to find its asymptotic distribution, we note that the MME ), is a con-
tinuous function of the sample mean. This then suggests an approach based on
using a central limit theorem and then the d-method.

Again using the facts given at the start of the exam, we know Var(X;) = 1/\2,
so the Levy CLT tells us

\/E(Yn—%) —W\/(o,%).

Now, A\, = g(X,) for g(z) = 1/z, with ¢/(z) = —1/22 existing for all z > 0. We
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Ans:
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then note that g(E[X;]) = A and ¢'(E[X;]) = A2, so by the d-method we find
Vi (A, = A 2N (0, L) =& (0,22
1 (= 2) = XN (0.5 ) = N 0,0).

Find a maximum likelihood estimator for A and give its asymptotic distribution.

The likelihood function for A is

LA | X,) H Ae M X e (0,00)]

— )\ne—)\an.

Because the support of the distribution of X; is independent of A, this is a setting
in which the MLE is usually most easily found by maximizing the log likelihood.
That maximization is in turn most easily effected using differentiation. So the
log likelihood is

LX) =nlog(\) — nAX,,

and the derivative with respect to A is

In trying to find the MLE, we consider the values A which satisfy

oL
ONIa=x,, 0,

which yields Ay =1 /X ,,. Examining the second derivative of the log likelihood
gives

0L on

oX2 A2
Because that second derivative is negative at ;\n, we know that ), is the MLE.

Of course, the MLE A is the same estimator as the MME \,, considered in part
a, so the asymptotic distribution is the same as that derived above.

Find a maximum likelihood estimator for § = Pr[X; > 1] and give its asymptotic
distribution.

First, we find the value of 6 as a function of \. We can then use the fact that the
MLE of a function of X is the function of the MLE of .

By integrating the density, we find

PriX; > 1] :/ Ae ™ dg = e
1
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Thus, the MLE 0,, for 0 is )
én = e 1/,

xT

We find the asymptotic distribution using the d-method with g(z) = e~* and

¢'(z) = —e~*. Hence, from the asymptotic distribution of ), we find
N (én — 9) —a N (0, X272

Let Y; = 1[x,>1)- Find a maximum likelihood estimator for 6 based on the Y;’s
and give its asymptotic distribution.

The Y;’s are i.i.d. random variables with Y; ~ B(1,6). Hence, the likelihood for
0 based on the observed Y;’s is

LY, =[]0V (1 - )Y = gV (1— )7,
=1

Because the support of Y; is independent of 6 € (0, 1), we again first try to find
the MLE of 8 by differentiating the log likelihood. The log likelihood is given by

L(0]Y,) = nY,log(0) + (n — nY,)log(1 —6),

and the first derivative with respect to 0 is

oc nY, n-—nY, _n(Y,—0)

o0 0 1—-0  61-06)

In trying to find the MLE, we consider the values § which satisfy

oL
00 lo=g, 0,

which yields 6=Y,. Examining the second derivative of the log likelihood gives

PL V(-0 +(1-Y,)0
a0z ~ " 02(1— 0)2 '

Because that seco&d derivative is negative at én =Y, (and in fact for all €
(0,1), because 0<Y ,,<1), we know that 6,, is the MLE.

Because our estimator is a sample mean of i.i.d. random variables having finite
mean, we can find the asymptotic distribution directly from the Levy CLT. Since
Var(Y;) = 6(1 — 0), the asymptotic distribution is thus

N (én . 9) L N(0,6(1—0)).
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Ans:
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Discuss the relative advantages and disadvantages of your estimators in parts c
and d.

We can examine the optimality of the estimators with respect to bias, consistency,
and asymptotic variance. (If one of the estimators is biased, we might want to
consider mean squared error, but this will be a bit more involved.)

6,, is the sample mean of random variables having expectation 6. Hence, we can
immediately see that 6 is unbiased. On the other hand, the bias of §,, = e~ 1/Xn
is difficult to evaluate, and I did not expect you to evaluate this during the exam-
ination. Given the extreme nonlinear transformation of the the sample mean, we
would expect it to be a biased estimator. (Note that if the transformation were
strictly convex or concave, we could use Jensen’s inequality to establish the bias

of this estimator. Unfortunately, this function is neither convex or concave.)

With regard to consistency, we can use the WLLN to establish that 0,, is consistent
for 6. Similarly, we can use the WLLN to establish that X, is consistent for
1/A, and then use the Mann-Wald (continuous mapping) theorem to show the
consistency of 0,,.

In comparing the asymptotic variances, we can examine the asymptotic variance
of #,, minus the asymptotic variance of 6, and compare that difference to 0,
or, alternatively, we can examine the ratio of those asymptotic variances and
compare the ratio to 1. As the ratio does not immediately simplify, I consider
the difference. Noting that A = —log(f), we then define

B (0) = 0(1—0) 6 10g2(9)‘

n n

If h*(9) is always positive or always negative, then one of the estimators has
smaller variance. Because 0<f<1 and n > 0, we can consider the sign of

h(0) = %h*(@) — 10— 0log(6).

Now h(1) = 0. So if we can show that h(f) is strictly decreasing on 6 € (0,1),
we will know that h(6) > 0 for € (0,1) and 6,, has greater asymptotic variance.
If we can show that h(€) is strictly increasing, then we will know that h(6) < 0
for 6 € (0,1) and 6,, will have the larger asymptotic variance. (If h(6) is neither
strictly increasing nor strictly decreasing, we won’t know anything, and will have
to consider something else.) Taking the first derivative with respect to 6,

_ 20log(6)
6
= —(1+2log(0) +log*(0)) = —(1 + log(#))* < 0.

W () = —1 —log?(6)

Thus 6,, is the more efficient estimator. (This, of course, makes intuitive sense.
Otherwise we would never bother to keep complete data, and would just di-
chotomize all our data.)
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5. Let X1, Xo,... be a sequence of i.i.d. random variables having mean p and variance
02, and let Y7,Ys,... be a sequence of i.i.d. random variables having mean v and
variance 72. Further suppose that X; and Y; are independent if ¢ # j, but that the
correlation between X; and Y; is p if ¢ = j.

a. (10 points) Find a method of moments estimator for p 4+ v and derive its asymp-

Ans:

Ans:

Ans:

totic distribution. Is your estimator unbiased? Consistent?

Let U; = (X;,Y;). Then E[U;] = (11,v), and a method of moments estimator
will be X,, +Y,. By laws of expectation, this is unbiased, and by the WLLN,
this is consistent. The asymptotic distribution, can be most easily found by
noting that if we define V; = X; + Y;, then our MME is merely V,. As the
Vi’s are independent, the Levy Central Limit Theorem provides that V,, will be
asymptotically normally distributed. We find

Var(V;) = Var(X; +Y;) = Var(X,) + Var(Y;) + 2Cov(X;, Y;) = 0% + 12 + 2poT,

Vi (Xn+Y,) = (u+v)) =4 N(0,0° + 72 + 2poT).

(10 points) Define W; = X? + Y2, Let § = E[W,]. Find an unbiased estimator
of 6. Is your estimator consistent?

Because every sample mean of identically distributed data is an unbiased esti-
mator of the expectation of a random variable, the obvious choice is 0, = W,.
Because the W;’s are i.i.d, we can use Khinchin’s WLLN to show that 6 is con-
sistent for 0, i.e., 0,, —, 0.

(Note that the use of Khinchin’s avoided the need to find the variance of the W;’s.)

(10 points) Show that the estimator 6 = Yi + Vi is a biased estimator for 6.
Find the bias function.

Recalling that for any random variable Z, E[Z?] = Var(Z) + E?|Z], we easily
find that
0 =EW,;] = E[X|+ E[Y?] =0+ p? + 7%+ 1%

On the other hand, we also know that because the X;’s are i.i.d., E[X,] = u
and Var(X,) = 0?/n yielding E[Yi] = 02/n + p?. Similarly, the Y;’s are i.i.d.,
so E[Y,] = v, Var(Y,) = 7°/n, and E[?i] = 72/n + 2. (Of course, X,, and
Y, are correlated, but that need not concern us when we are just finding the
expectation of 6,,.) We thus find

and the bias function is
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Ans:
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(10 points) Show that 6, is not consistent for .
By the WLLN, X,, —, p and Y,, —, v. Thus by Mann-Wald, Yi —, p? and

?i —p v2. Then by the properties of convergence in probability,
Yi +7i —p uz + 2.

So 6, is not consistent for 0 = 02 + p2 + 72 + 2.

(Bonus: 20 points) Find a method of moments estimator for u? + v? and derive
its asymptotic distribution.

Using the results of part (a), the obvious choice is 0= Yi —l—?i as defined in part
(c). Clearly, this estimator is a function of sample means, so the best approach
will be to use the multivariate CLT and then the multivariate 6-method.

By the multivariate CLT,

a((52) - ()=l G) (o 7))

Now, for g(Z) = 22 + 22, Vg(Z) = (221,2x,)". Thus, by the multivariate 6-
method

lo(30) =0 (2) =em () 2 ((0) (o 7))

This then yields

2

Vi (X0 +70) = (2 4+ 0)) —>dN(0,(2u 2u>(“ p‘”)(ﬁﬁ)),

pPoT 7'2

so performing the matrix multiplication we obtain

vn ((Yi +?i) —(p? + V2)> —q N (0,4p20® + 8puvor + 4°7?) .



